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The Laguerre-Polya Class

Functions in the Laguerre-Poélya class, denoted .#-&7, are uniform
limits of polynomials, on compact subsets of C, all of whose zeros are
real, and only the functions in the Laguerre-Pélya class enjoy this

property.
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The Laguerre-Polya Class

Functions in the Laguerre-Poélya class, denoted .#-&7, are uniform
limits of polynomials, on compact subsets of C, all of whose zeros are
real, and only the functions in the Laguerre-Pélya class enjoy this

property.
Theorem (Polya-Schur, 1914)
o(X) =S5y Lexk e -2 ifand only if

s X _x
X) = cxMgm X HAx 14+ e x,
o(x) IT(1+ )€ "

k=1

wheremeN, a, 8,¢,% € R, a >0, and > %) % < oco.
Kk
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Stability Pre: perations and Operators

A restriction to real negative zeros.

£L-2T consists of precisely those p(x) € £-2 whose Taylor
coefficients are non-negative. Functions belonging to this subclass of
Z-2 are the uniform limits, on compact subsets of C, of polynomials
all of whose zeros are real and negative.
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A restriction to real negative zeros.

£L-2T consists of precisely those p(x) € £-2 whose Taylor
coefficients are non-negative. Functions belonging to this subclass of
Z-2 are the uniform limits, on compact subsets of C, of polynomials
all of whose zeros are real and negative.

Theorem (Polya-Schur, 1914)
o(x) € Z-22% if and only if

i X
o(x) = cxMe”x (1 4 ) ;
k=1 Xk

wheremeN, 0,¢,x €R, 0,¢> 0, xxk >0, and }_ % 1 < oo.
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Stabilit;

Properties of the Laguerre-Pdlya classr

fp(x) =Y e xk € £-27, then the Laguerre inequalities hold:
(¥ (x))? — P~V (x)yP+1)(x) > 0 for each p=1,2,..., and all
x eR.
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Properties of the Laguerre-Pdlya class

fp(x) =Y e xk € £-27, then the Laguerre inequalities hold:
(¥ (x))? — P~V (x)yP+1)(x) > 0 for each p=1,2,..., and all
x eR.

Theorem (Craven, Csordas, Patrick, Varga)
Let(x) = > 42 % xk be a real entire function and define

Lo = 32 P (30 g0 ),

j=0

where x e Randp =0,1,2,.... Theny(x) € - if and only if for
allxeRandallp=0,1,2,...

Lp(4(x)) = 0.
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Hadamard Composition

Let p(X) =D popakxk € L-2, (X)) =3 po o buxk € L-2+ .
@ Hadamard composition
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Hadamard Composition

Let p(X) =D popakxk € L-2, (X)) =3 po o buxk € L-2+ .
@ Hadamard composition

prip(X) = abpx € £-P
k=0
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Hadamard Composition

Let p(X) =D popakxk € L-2, (X)) =3 po o buxk € L-2+ .
@ Hadamard composition

prip(X) = abpx € £-P
k=0

Example (A non-linear operator acting on the coefficients)

Let o(x) = Y pop akx* € £-2* . The Hadamard composition is a
linear operation, but we may regard ¢ * p(x) = > p, @xk € L-2+
as the image of ¢ under the non-linear operator a, — a2, acting on
the coefficients.
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Hadamard Composition

Let p(X) =D popakxk € L-2, (X)) =3 po o buxk € L-2+ .
@ Hadamard composition

prip(X) = abpx € £-P
k=0

Example (A non-linear operator acting on the coefficients)

Let o(x) = Y pop akx* € £-2* . The Hadamard composition is a
linear operation, but we may regard ¢ * p(x) = > p, @xk € L-2+
as the image of ¢ under the non-linear operator a, — a2, acting on
the coefficients.

@ Are there other such non-linear operators?
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Background The Laguerre-Polya Class
Stability Preserving Operations and Operators

Hadamard Composition

Let p(X) =D popakxk € L-2, (X)) =3 po o buxk € L-2+ .
@ Hadamard composition

prip(X) = abpx € £-P
k=0

Example (A non-linear operator acting on the coefficients)

Let o(x) = Y pop akx* € £-2* . The Hadamard composition is a
linear operation, but we may regard ¢ * p(x) = > p, @xk € L-2+
as the image of ¢ under the non-linear operator a, — a2, acting on
the coefficients.

@ Are there other such non-linear operators?
@ Can we characterize them?
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lterated Turan inequalities

Problem (Craven, Csordas, 1989)
Classify the functions

_ N ek
=> e ke -2,
k=1
where v, > 0 and 0 < w < oo, for which the functions

f(x)::ZWx cL-P.
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Current Research

A conjecture of Stanley, McNamara-Sagan, Fisk

Theorem (Brandén, 2009)

If the zeros of the real polynomial y)(x) = > x_, axz* are all real and
negative, then the zeros of the polynomial

n

> (8 — ak—18k+1)2", wherea_y :=0and a, 1 :=0,
k=0

are all real and negative.
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A conjecture of Stanley, McNamara-Sagan, Fisk

Theorem (Brandén, 2009)

If the zeros of the real polynomial y)(x) = > x_, axz* are all real and
negative, then the zeros of the polynomial

n

> (8 — ak—18k+1)2", wherea_y :=0and a, 1 :=0,
k=0

are all real and negative.

@ Extends to transcendental entire function in .- 27 .
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Theorem (Brandén, 2009)

If the zeros of the real polynomial y)(x) = > x_, axz* are all real and
negative, then the zeros of the polynomial

n

> (8 — ak—18k+1)2", wherea_y :=0and a, 1 :=0,
k=0

are all real and negative.

@ Extends to transcendental entire function in -2+ .
@ ax+— aﬁ — ax_1dax.1 is a non-linear stability preserving operator.
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Theorem (Brandén, 2009)

If the zeros of the real polynomial y)(x) = > x_, axz* are all real and
negative, then the zeros of the polynomial

n

> (8 — ak—18k+1)2", wherea_y :=0and a, 1 :=0,
k=0

are all real and negative.

@ Extends to transcendental entire function in -2+ .
@ ax+— aﬁ — ax_1dax.1 is a non-linear stability preserving operator.

(?)
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An extension

o Lety=3"7,% xk be an entire function and compute

S e ”p+'(2.p) D(x)2(x)
j=0
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An extension

o Lety=3"7,% xk be an entire function and compute
1)+ (2
Z( o () oeauee .
j=0

@ Evaluating at x = 0 we obtain:
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An extension

o Lety=3"7,% xk be an entire function and compute
1)+ (2
Z( o () oeauee .
j=0

@ Evaluating at x = 0 we obtain:
° (p=0) "5 ,
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An extension

o Lety=3"7,% xk be an entire function and compute

2p
(=1)P4 (2p @
2 o (7)o .

@ Evaluating at x = 0 we obtain:

e (p=0) vé,
o (p=1) 17 — 072,
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An extension

o Lety=3"7,% xk be an entire function and compute

2p
(=1)P4 (2p @
2 o (7)o .

@ Evaluating at x = 0 we obtain:
° (p=0) %z :
o (p=1)77 =072,
° (p=2) ;73 — 37172 + 076 » etc.
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Historical Background
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An extension

o Lety=3"7,% xk be an entire function and compute

2p
(=1)P4 (2p @
2 o (7)o .

@ Evaluating at x = 0 we obtain:
° (p=0) "5,
° (p=1) 7% =072,
o (p=2) 175 — 17172 + Y076 , €tC.
o Shift indices and set vy« = 0, whenever the index does not make
sense. In general, for positive integers p

@Lp (wm(x)) . <2p >yk+p+2( 1) ( )mp Ak -
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An extension

Theorem (Grabarek, 2010)

Lety(z) = S p_o akzX = [Tx_4(1 + pkZz), where pi > 0 for1 < k < n,
be a real polynomial with all real negative zeros. Let p be a positive
integer and let L%, be the non-linear operator

2p — 1 £
3k'—>(p ) k+z ( )ak jak+j -
j=1

Then, the zeros of the polynomial

Lw(2)] = Lhz"
k=0

are all real and negative.
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Remarks and Further Direction
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Remarks and Further Direction

@ The non-linear operator L} is derived from the system of
inequalities that generalize the Laguerre-Pdlya class.
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@ The non-linear operator L} is derived from the system of
inequalities that generalize the Laguerre-Pdlya class.

o LY : ax — & (Hadamard)
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Remarks and Further Direction

@ The non-linear operator L} is derived from the system of
inequalities that generalize the Laguerre-Pdlya class.
o LY : ax — & (Hadamard)
(] L}( - aﬁ — Ak—18k+1 (Brandén)
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Remarks and Further Direction

@ The non-linear operator L} is derived from the system of
inequalities that generalize the Laguerre-Pdlya class.
o LY : ax — & (Hadamard)
(] L}( - aﬁ — Ak—18k+1 (Brandén)
o [2:a— 3a —4ak_1ak1 + a_28k2, etc.
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Remarks and Further Direction

@ The non-linear operator L} is derived from the system of
inequalities that generalize the Laguerre-Pdlya class.
o LY : ax — & (Hadamard)
o L}( ay aﬁ — Ak—18k+1 (Brandén)
o [2: ay > 3a — day_1akp1 + ak_zaxk,e, etc.

@ Theorem extends to transcendental functions in .Z-2+ .
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Remarks and Further Direction

@ The non-linear operator L} is derived from the system of
inequalities that generalize the Laguerre-Pdlya class.
o LY : ax — & (Hadamard)
(] L}( - aﬁ — Ak—18k+1 (Brandén)
o [2:a— 3a —4ak_1ak1 + a_28k2, etc.
@ Theorem extends to transcendental functions in .Z- 2 .

@ Theorem does not extend to .Z- 42, rather to the closed left
half-plane.
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Remarks and Further Direction

@ The non-linear operator L} is derived from the system of
inequalities that generalize the Laguerre-Pdlya class.

o L?: a — & (Hadamard)
o L}( ay aﬁ — Ak—18k+1 (Brandén)
o [2:a— 3a —4ak_1ak1 + a_28k2, etc.
@ Theorem extends to transcendental functions in -2+ .

@ Theorem does not extend to .Z- 42, rather to the closed left
half-plane.

e The non-linear operators Lf, are (weakly) Hurwitz stable.
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Remarks and Further Direction

@ The non-linear operator L} is derived from the system of
inequalities that generalize the Laguerre-Pdlya class.

o L?: a — & (Hadamard)
o L}( ay aﬁ — Ak—18k+1 (Brandén)
o [2:a— 3a —4ak_1ak1 + a_28k2, etc.
@ Theorem extends to transcendental functions in -2+ .

@ Theorem does not extend to .Z- 42, rather to the closed left
half-plane.

e The non-linear operators L} are (weakly) Hurwitz stable. (?)
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Remarks and Further Direction

@ The non-linear operator L} is derived from the system of
inequalities that generalize the Laguerre-Pdlya class.

o L?: a — & (Hadamard)
o L}( ay aﬁ — Ak—18k+1 (Brandén)
o [2:a— 3a —4ak_1ak1 + a_28k2, etc.
@ Theorem extends to transcendental functions in -2+ .

@ Theorem does not extend to .Z- 42, rather to the closed left
half-plane.

e The non-linear operators L} are (weakly) Hurwitz stable. (?)
o Use the complex version of the Laguerre inequalities

(2 = R{H(2)F"(2)} -
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Remarks and Further Direction

@ In the proof of the Theorem, the reality of zeros of L [1(2)], for
each positive integer p, depends on the reality of zeros of the
polynomial

5] 2p\ (2k
Q(z) = S(p. k) (2';()2" , Where S(p, k) = (o) Ci) .
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Remarks and Further Direction

@ In the proof of the Theorem, the reality of zeros of L [1(2)], for
each positive integer p, depends on the reality of zeros of the

polynomial
3] 2p\ (2k
QA(z) = 2 S(;;, k) (27() ZX | where S(p, k) = ('(’3;(,(;)

e Study the non-linear operator ax — 0@ + jo8k—18k+1-
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Remarks and Further Direction

@ In the proof of the Theorem, the reality of zeros of L [1(2)], for
each positive integer p, depends on the reality of zeros of the

polynomial
3] 2p\ (2k
QA(z) = 2 S(;;, k) (27() ZX | where S(p, k) = ('(’3;(,(;)

e Study the non-linear operator ax — 0@ + jo8k—18k+1-
e The polynomial Qf(z) becomes

L2]
8(127 k) <2rll(> (kMZ +NO)Zk .

k=0
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Remarks and Further Direction

@ In the proof of the Theorem, the reality of zeros of L [1(2)], for
each positive integer p, depends on the reality of zeros of the

polynomial
3] 2p\ (2k
Qh(2) = 2 S('Z’ K) (27() ZX | where S(p, k) = 7( ’(’3;(k§> )

e Study the non-linear operator ax — 0@ + jo8k—18k+1-
e The polynomial Qf(z) becomes

L2]
8(127 k) <2rll(> (kMZ +NO)Zk .

o Use multiplier sequences and complex zero decreasing sequences
to obtain further properties.

k=0
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Coefficient Bounds

Corollary (Grabarek)

The non-linear operator ay — uoaﬁ + p28k_18k,1 preserves -2+,
provided that either
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Coefficient Bounds

Corollary (Grabarek)

The non-linear operator ay — uoaﬁ + p28k_18k,1 preserves -2+,
provided that either

@ 1o #0,u0>0,and pg + p2 >0, or
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Coefficient Bounds

Corollary (Grabarek)

The non-linear operator ay — uoaﬁ + p28k_18k,1 preserves -2+,
provided that either

@ 1o #0,u0>0,and pg + p2 >0, or

Q 1o #0,u0<0,and ug+ p2 <0, or
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Coefficient Bounds

Corollary (Grabarek)

The non-linear operator ax + 1108 + ji28k—18k+1 preserves L -2+ ,
provided that either

@ 1o #0,u0>0,and pg + p2 >0, or

Q 1o #0,u0<0,and ug+ p2 <0, or

© exactly one of g, o is zero.
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Coefficient Bounds

Corollary (Grabarek)

The non-linear operator ax + 1108 + ji28k—18k+1 preserves L -2+ ,
provided that either

@ 1o #0,u0>0,and pg + p2 >0, or

Q 1o #0,u0<0,and ug+ p2 <0, or

© exactly one of g, o is zero.

@ We could also have used hypergeometric polynomials:

L] S(1,k) [ n
2 (Zk

>(k#2 + p0)2" =
k=0
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Coefficient Bounds

Corollary (Grabarek)

The non-linear operator ax + 1108 + ji28k—18k+1 preserves L -2+ ,
provided that either

@ 1o #0,u0>0,and pg + p2 >0, or

Q 1o #0,u0<0,and ug+ p2 <0, or

© exactly one of g, o is zero.

@ We could also have used hypergeometric polynomials:

18]
8(17k) n k _
k=0
21201y (2 20 1 C g4 Voo (£ = 2 0ay
) 2M P 27 PR Mo 21 ) 27 5 < .
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@ Classify the coefficients o, ji2, . . ., f12p—2 for which the non-linear
operator L‘,ﬁ preserves .- 2% , or the reality of zeros.
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@ Classify the coefficients o, ji2, . . ., f12p—2 for which the non-linear
operator L‘,ﬁ preserves .- 2% , or the reality of zeros.

@ Use hypergeometric polynomials, rather than complex zero
decreasing sequences.
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@ Classify the coefficients o, ji2, . . ., f12p—2 for which the non-linear
operator L‘,ﬁ preserves .- 2% , or the reality of zeros.
@ Use hypergeometric polynomials, rather than complex zero
decreasing sequences.
@ The zeros of

ni1-n
2 F4 (—5772 ,p+1,42)

are real and negative for any positive integer p and a fixed positive
integer n (cf. K. Driver and K. Jordaan).
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@ Classify the coefficients o, ji2, . . ., f12p—2 for which the non-linear
operator L‘,ﬁ preserves .- 2% , or the reality of zeros.
@ Use hypergeometric polynomials, rather than complex zero
decreasing sequences.
@ The zeros of

ni1-n
2 F4 (—5772 ,p+1,42)

are real and negative for any positive integer p and a fixed positive
integer n (cf. K. Driver and K. Jordaan).
@ Use contiguous function relations and/or the differential operator
0=z2.
az
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@ Classify the coefficients o, ji2, . . ., f12p—2 for which the non-linear
operator L‘,ﬁ preserves .- 2% , or the reality of zeros.
@ Use hypergeometric polynomials, rather than complex zero
decreasing sequences.
@ The zeros of

ni1-—n
2F1 <—§772 ,p+1,4z)

are real and negative for any positive integer p and a fixed positive
integer n (cf. K. Driver and K. Jordaan).

@ Use contiguous function relations and/or the differential operator
0==zZ.

o lterates of

n 1—n
u— 2F (*E +M,T+H;P+1;4Z>

(notation of D. Karp) arise in the polynomials associated with L} for
p=>2.
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Finally, regarding the non-linear operator S; : a, — aﬁ — 8k—r8ktr, WE
know from R. Yoshida’s work that Ss does not preserve #-2+ .
However, we know that L’,ﬁ does preserve .Z-22* for all positive
integers p. We make the observation that
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Finally, regarding the non-linear operator S; : a, — aﬁ — 8k—r8ktr, WE
know from R. Yoshida’s work that Ss does not preserve #-2+ .
However, we know that L’,ﬁ does preserve .Z-22* for all positive
integers p. We make the observation that

p /2
Ly => (-1y* ( ->(a§ — ak_jak+j) ;
j=1 pij

Lukasz Grabarek A New Class of Non-Linear Stability Preserving Operators



Historical Background

Current Research Non-linear stability preserving operators

Finally, regarding the non-linear operator S; : a, — aﬁ — 8k—r8ktr, WE
know from R. Yoshida’s work that Ss does not preserve #-2+ .
However, we know that L’,ﬁ does preserve .Z-22* for all positive
integers p. We make the observation that

P ) 2p
LP = Z(—UI“ ( > (8 — ak—jas)) »
= p—i

and ask what is happening here?
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Stay tuned for the 19th ICFIDCAA !
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